Using the Bäcklund transformations for the solutions of fourth-order differential equations of the P 2 and K 2 hierarchies, corresponding discrete equations are found.
Introduction
In recent years interest in integrable mappings [27] , discrete equations and especially discrete Painlevé equations [9] has grown considerably. The latter appear in the theory of orthogonal polynomials and some physical applications. For example they arise in two-dimensional quantum gravity [13, 14, 24, 26] . Discrete Painlevé equations have many properties in common with those of the usual Painlevé equations. They can be presented in the form of Lax pairs, they also have Bäcklund transformations and can be written in bilinear form. Some of them have special solutions for specific parameter values.
Discrete equations are conceptually identical to recursion formulas that connect solutions of differential equations for different parameter values. From mathematical physics we know the recursion formulas
.n + 1/P n+1 .x/ − .2n + 1/x P n .x/ + n P n−1 .x/ = 0; H n+1 .x/ − 2x H n .x/ + 2n H n−1 .x/ = 0;
where J ¹ .x/ is the Bessel function, P n .x/ is the Legendre polynomial and H n .x/ is the Chebyshev-Hermite polynomial. Certainly all these recursion formulas can be considered as discrete equations for J ¹ .x/, P n .x/ and H n .x/.
It is known [7, 10, 25] that discrete Painlevé equations can be obtained using Bäcklund transformations for solutions of corresponding differential equations. This approach was realized in [4] where discrete equations for the PII, PIII and PIV equations were found.
Let us demonstrate this method to obtain the discrete equation corresponding to the second Painlevé equation [7] y zz = 2y 3 + zy + Þ:
The Bäcklund transformations for the solutions of (1.1) are known. They have the form [1, 2, 23] y.z; Þ + 1/ = −y.z; Þ/ − 2Þ + 1 2y 2 .z; Þ/ + 2y z .z; Þ/ + z ; Þ = −1=2; (1.2)
Substituting to remove the derivative y z .z; Þ/ from (1.2) and (1.3) and rearranging we have
Substituting y.z; Þ/ = x n , Þ = Þ n = n + k − 1=2, where k is an arbitrary parameter, n is a number and x n is a variable into (1.4) we get a discrete equation of the form
where z is the parameter of (1.5). This approach for constructing higher order discrete equations corresponding to the second Painlevé hierarchy was formulated in [4] . Later we shall present the solution of this problem for two fourth-order differential equations.
Recently hierarchies of nonlinear differential equations with solutions having properties similar to those of the solutions of the Painlevé equations were introduced. This enables hierarchies of the first and second Painlevé equations to be presented in the form [16, 19, 20] L n+1 [y] = z; .n = 1; 2; : : : /;
where the operator L n is determined by the recursion formula [28, 29] 
The first Painlevé hierarchy (1.6) was introduced in [16] , but the second Painlevé hierarchy (1.7) was considered earlier [1, 6, 11, 12] .
Two new hierarchies of nonlinear differential equations were presented in [19, 20] . They take the form
.n = 1; 2; : : : /;
(1.9)
where the operator H n [y] is determined by the recursion formulas [3, 5, 22 ]
Taking into account the recent 150-th anniversary of Sophie Kovalevski's birth and Martin Kruskal's 75-th birthday let us call hierarchies (1.9) and (1.10) the K 1 and K 2 hierarchies respectively.
It was shown in [5, 17, 22] that fourth-order differential equations obtained from (1.6), (1.7), (1.9) and (1.10) at n = 2 have solutions in the form of transcendental functions with respect to constants of integration [17, 18] .
Using Bäcklund transformations for the solutions of the fourth-order differential equations of the P 2 and K 2 hierarchies, we shall first present discrete equations corresponding to (1.7) and (1.10).
Discrete equations corresponding to the fourth-order differential equation of the P 2 hierarchy
From the P 2 hierarchy (1.7) for n = 1 we have the second Painlevé equation (1.1), but in the case that n = 2 we get the fourth-order differential equation in the form
In this section we are going to find the discrete equations corresponding to (2.1). Bäcklund transformations for solutions of (2.1) have the form [6, 8, 11, 12, 17] y.z; Þ +1/ = −y.z; Þ/− 1+2Þ 2y zzz +4yy zz −2y 2 z −12y 2 y z − 6y 4 + z The sum and the difference of (2.4) and (2.5) can then be written in the form
Taking into account (2.7) and Lemma 2.1, we have the following corollary.
COROLLARY 2.1. Let p; h; f; g; r be solutions of the P 2 hierarchy determined by (2.7). The following equalities then hold:
Replacing Þ by Þ + 1 and Þ − 1 in (2.8), we get solutions for g and h respectively:
Substitute to remove g z and g zz from (2.13) by means of (2.9) and (2.10). Next remove derivatives h z and h zz from (2.14) using (2.11) and (2.12). Then excluding f zz by means of (2.8) from the relations obtained and multiplying by f =. f + g/ and f =. f + h/ respectively, we finally get the following equalities:
Subtracting (2.15) from (2.16), we find an expression for f z of the form
Substituting (2.17) into (2.15), we obtain a recursion formula for solutions of (2.1) for different values of parameter Þ:
We note that (2.18) is not valid for Þ = −3=2; −1=2; 1=2; 3=2. We can find a similar equation by substituting (2.17) into (2.16). However, calculating r at given solutions p, h, f and g, we get two roots and one of them does not satisfy (2.1).
The unique solution of (2.1) can be found using (2.9) and (2.17). The recursion formula looking for six solutions of (2.1) takes the form
where d = y.z; Þ + 3/. Equation (2.19) is not valid for Þ = −5=2; −3=2; −1=2, 1=2, 3=2. This equation allows us to find solutions d = y.z; Þ + 3/ or p = y.z; Þ − 2/ for the given five solutions of (2.1). Assuming x n = y.z; Þ n /, Þ n+1 = Þ n + 1, we have a discrete equation from (2.19) in the form
One can see that this equation is not valid for Þ n = −5=2; −3=2; −1=2; 1=2; 3=2. Equation (2.20) can be used to find the unique solution x n+3 of (2.1) for given x n−2 ,
Recursion formulas corresponding to the fourth-order differential equation of the K 2 hierarchy
Assuming n = 1 in (1.10), we get a fourth order differential equation in the form [20] y zzzz + 5y z y zz − 5yy
Later in this section we shall suggest the discrete equations which correspond to (3.1).
Solutions of (3.1) are essentially transcendental functions with respect to constants of integration and have properties like those for the solutions of the Painlevé equations [8, 20] . There are Bäcklund transformations for solutions of (3.1). They allow us to obtain solutions of (3.1) for a given solution y.z; þ/. These transformations have the form [15] y.z; 2−þ/ = y.z; þ/+ 2þ −2 z − y zzz + yy zz −3y 2 z +4y 2 y z − y 4 ;
y.z; −1−þ/ = y.z; þ/+ 2þ +1 z +2y zzz +4yy zz +3y 2 z −2y 2 y z − y 4 ; þ = −1=2; (3.3) where we denote y = y.z; þ/ on the right-hand sides of (3.2) and (3.3).
LEMMA 3.1. Let y.z; þ/, y.z; 2 − þ/ and y.z; −1 − þ/ be solutions of (3.1). The equalities
PROOF. Relations (3.2) and (3.3) can be written in the form
Replace þ by 2 − þ in (3.6) and by −1 − þ in (3.7). Equate the left parts of the expressions obtained and the left parts of (3.6) and (3.7). As a result we have equalities (3.4) and (3.5).
Substituting to remove y zzz from (3.6) and (3.7), we get
Let us introduce for the sake of convenience the following notation:
where q = y.z; −þ + 5/. Taking into account the expressions (3.19), (3.23) and relation (3.9), we get the following recursion formula:
Equation (3.24) is not valid for þ = −2; −1=2; 1; 5=2; 4. The last equation is invariant under the transformation þ → −þ + 2. We cannot introduce a discrete equation for one variable from (3.22) (or (3.24)) because there are positive and negative values of parameter þ. However, assuming y n = y.z; þ n /, x n = y.z; −þ n − 1/, þ n+1 = þ n + 3, one can find the system of discrete equations from (3.22) and (3.24) . It takes the form This system is not valid for þ n = −7=2; −2; −1=2; 1; 5=2; 4. The system of equations (3.25), (3.26) can be used for finding solutions y n+1 and x n+1 , given x n−2 , x n−1 , x n , y n−1 and y n . Thus the results of this work show that the method used in [4, 7, 10, 25] can be applied to finding the discrete equation corresponding to the fourth-order differential equations of the P 2 and K 2 hierarchies. These equations are given by (2.20) , (3.25) and (3.26) .
